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R. Geremia and F. Sullivan proved that 2-uniform rotundity is equivalent to 
2-uniform convexity. This paper extends this result to k-uniformly rotund spaces. 
if> 1988 Academic Press, Inc. 
There are two ways to define multi-dimensional moduli of rotundity. 
One is to use the definition for the k-dimensional volume enclosed by k + 1 
vectors and the other is to use k-dimensional subspaces. Geremia and 
Sullivan have proved that these two moduli are equivalent when k = 2. In 
this paper, we show they are equivalent for any k 2 1. 
Let xi, x2, . . . . xk + i be k + 1 vectors in a Banach space X. Recall that the 
k-dimensional volume enclosed by x, , x2, . . . . xk + , is defined by 
. . . 1 
fib,) ..’ fl(xk+l) : f, E X* and /I fJ < 1 for i = 1, 2, . . . . k 
I) ... fsk+J 
and the modulus of k-rotundity is given by 
~~)(,)=inf{l-~~~~~xi~~~ (k+l): l[xIII<l for l<i<k+l 
and A(x,, x2, ,.., xk+ ,) 2 E . 
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A Banach space X is said to be k-un@~~l~ rotund if 6$‘(c) > 0 for all 6 > 0. 
Let d, = dist(x,, [x,, , , . . . . xk, , 1) denote the distance from x, to the affine 
spanof,~,+,,x,+2,...,~~k+l. In [ 1, 21, Bernal, Geremia, and Sullivan have 
proved that 
fi d;<A(x,, x 2, . . . . xk + I) d kk12 fi d,. 
1-l I=1 
Milman [3] used k-dimensional subspaces to define the multi-dimen- 
sional moduli of rotundity. The modulus is defined by 
d F)(E) = inf inf sup {Ilx+sYll- 0 /Ix/I = I YS x 
dlm( Y) = k “-iL;’ 
A Banach space X is said to be k-uniformly convex if for all E>O, 
d?)(s) > 0. It is known that l-uniform convexity, l-uniform rotundity, and 
uniform convexity are equivalent. Geremia and Sullivan [2] have proved 
that 2-uniform convexity and 2-uniform rotundity are equivalent. The main 
result of this paper is the following theorem. 
THEOREM 1. Let X be a Banach space. Then X is k-uniformly rotund if 
and only if X is k-uniformly convex. 
Since for each E > 0, 
and 
@b(s) =inf{djyk!(s): X’c X, dim(X’) < co> 
djyk)(~)=inf{d$)(s): X’cX, dim(X’)< co}, 
with loss of generality we may assume X is a finite-dimensinal space. 
First, we need the following lemma which was proved by Geremia and 
Sullivan [2]. 
LEMMA 2. Zf dim(X) = 2 then for each E > 0 and 11 v1 Ij = E there are 
vectors v2 and v, such that I(vl(l = E= ~~v3~~ 6 3dist(v,, span(vr)) and 
v, + v2 + v3 = 0. 
The following lemma extends the result of the above lemma. 
LEMMA 3. If dim(X) = k, then for each E > 0 there are k + 1 vectors 
Vi, v2, . . . . vk + I such that l)vil) = E for 1 < i < k + 1, 43 d dist(v,, 
span(v,, v2, . . . . vjpl)) for 26i<k and ~~Z,‘vj=O. 
Proof: Since X is finite-dimensional, there exist k vectors {xi}:= I of 
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norm one in X and k vectors {XT }r=, of norm one in X* so that 
x,*(x;) = Sj. We will use induction to construct k vectors which satisfy 
l<i<k-1, 
(ii) ldi<k-1, 
(iii) $dist (oi+,, span {g, u,}) 1 <i<k- 1. 
Let v, = EX,. Suppose v,, v2, . . . . v,, j< k, have been chosen. Since 
IlC{=. r oilI = E, there exists vj+ r Espan{Cj=, vi,xj+,> such that Ilvj+rll = 
E = 11x;_‘: VJ and 43 6 dist(v,+ r,span(Cj= 1 v,}). Finally, let vk+ r = 
-Cf= I vi. Now, we claim that s/3 <dist(ui, span(v,, u2, . . . . ui- r)) for 
l<i<k. By (i) and (iii), we have ui+~=ai+~~~~~v,+6,+,xi+~ and 
lbj+,l a&/3. So dist(vi+,, spanlo,, v2, . . . . vi})= lbj+1l 243. 1 
LEMMA 4. For all E > 0, 
(p(S) < A’k’(E) 
1 + P(E)’ 
where 
(k+ l)sk 
s= 3k(l +P’(&))k 
ProojY Since 
dCk)(s) = inf inf sup {Ilx+wIl- 11, 
llx~l=l dim Y=k IIyII=l 
“E Y 
there exist a norm-one vector u and a k-dimensional subspace Y c X such 
that 
dCk’(&) = sup IIU + &yll - 1. 
IIYII = 1 
YE y 
Since Y is a k-dimensional subspace, there exist u1, v2, . . . . uk + I in Y such 
that IIvill = E and x:2, vi = 0. Let l/a = 1 + dCk)(s) and xi = a(u + vi). Then 
llxill d 1 for all i < k + 1. Now consider 
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A(x, 3 x2, . . . . Xk + , ) 
=akA(u+u,,u+u, )...) u+L!k+,) 
=ak‘4(u,,u, )...) Uk+,) 
i 
k+l 
=akA(o,,u, )...) uk,O)‘(k+ 1) since C u, = 0 
i= I 
= ak(k + 1) A(0, U,) lJ2, ...) Uk) 
k-l 
> ak(k + 1) IIullI . n dist(u,+, span[u,, u2, . . . . vi]) 
,=I 
Hence, 
=I- 1 
1 + P(E) 
Ack’(&) 
= 1 + Ack’(&)’ I 
LEMMA 5. For all E > 0, 
A”“(S) < 
fYk’(&) 
1 -P’(E)’ 
where 
Proof: Given E > 0, choose k + 1 norm-one vectors xi E X and k norm- 
one elements fin X* such that l/Cf=+,’ xJ = (k + 1 )( 1 - C?(~)(E)) and 
1 1 . . . 1 
fi(xl) fitx2) ‘.’ fi(xk+l) 
E=A(xl,X2,-.,Xk+,)= 
fkh fk(i,, .‘. fktxk+l) 
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vi = 
Then 
1 . . . 1 
f-,(x,) ..’ fl(xk+l) 
.f- 1(x1) ... “f-l(Xk+ 1) 
. . . 
Xk+l 
... f,,1(Xk+1) 
S=fi(Ui)=A(x,,x2, . . . . xk+l k+ l)k 
= suP .ft”i) = llvill 
llfll G 1 
and j:(ui) = 0 if i # j. So vi’s are linearly independent. We shall prove that if 
i/C;= 1a,o,lJ = S then 
Hence, 
1 cvk’(&) 
d’k’(S) G 1 _ #k+) - ’ = 1 _ #k’(E)’ 
If S== I/~~= 1a,v,ll, then S> lji(Tt=, api) = IA(aivi)l and lail d 1. 
Let cl, c2, . ..) ck+l be the solutions y,, y,, . ..) yk+ , of 
k+l 
z, YiEk+ l (*) 
and 
kfl 
,C, (yi- l)fi(xi)=ajS(k+ l)(l -C?(~)(E)) 1 <j<k. (**) 
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By Cramer’s rule 
ith column 
.o 
f,(:,) ::. 
1 ‘.’ 1 
0.1 J;(+x,+,) “’ fl(xk+l) . s (1 - P)(&))(k + 1) 
c = /,(i,) “’ ‘i, : f;tx;+l) .‘. fk~xh+l) +l I 
A(x,, x2, . . . . xk+,) 
1 ___. >l-(k+ly tk+l) (k + 1 Ii2 > 0, 
(Note that by the Hadamard inequality, if 1 a,, j/ 6 1, then 
Idet(ai,,)k,kl Gk ’2.) 
Now, we claim that u +x:2,’ niuj = Et=+/ c~xJ/C~~,’ xii/. 
Case 1. x,,x2, . . . . xk+, are linearly independent. There exists f0 E X* 
such that fO(xi) = 1 for all i < k + 1. So fO(ui) = 0 for all 1 < i < k. So the 
dual space of span { x, : i 6 k + 1 } = Y is isomorphic to span{f,l r: 0 < i < k }. 
By (*) and (w), we have proved our claim. 
Case 2. xl, x2, . ..) xk+l are linearly dependent. Then span(x, , . . . . xk + , } 
span{u,, .. . . uk} (since dim(span{u,, ... . uk})=k). So the dual space of 
sTan{x,, . . . . xk+ ,} = Y is isomorphic to span{f,l y: 1 di<k}. By (**), we 
have proved our claim. 
Hence, 
(since IJxJI = 1 and ~~30) 
= (k + 1) 
Proof of Theorem 1. Combine Lemmas 4 and 5. 1 
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